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ABSTRACT 

The primary objective of the experimental investigation of thermal noise was 
to verify and apply an analysis derived by National Bureau of Standards which 
can spectrally describe thermal energy in seismographs.    When applied to a 
typical, operational, long-period seismograph, the NBS analysis shows the 
need for 10 kg inertial mass for a system magnification of about 130 k at 
25 sec.    Two experiments were designed to verify the NBS analysis.    The 
first experiment was conducted to determine and verify the thermal energy 
spectrum for a seismometer or galvanometer connected to a resistive load. 
As a result of excessive uncancelled seismic inputs, the first experiment 
was only partially successful.    The second experiment was conducted to 
determine and verify the thermal energy spectrum of the galvanometer in a 
seismometer-galvanometer combination.    The results of tiif  second experi- 
ment were agreement with theory.    There was sufficient agreement between 
the empirical and theoretical spectra to verify the validity cf the NBS analysis, 
The NBS analysis was therefore recommended for present use, but repetition 
of the first experiment in a seismically quieter location was recommended to 
further verify the analysis. 
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EXPERIMENTAL INVESTIGATION OF THERMAL NOISE 

1.   INTRODUCTION 

1.1   AUTHORITY 

The work described in this report was performed by Geotech, A Teledyne 
Company in fulfillment of the requirements set forth in Task la of the 
Statement of Work of Project VT/6706, Contract AF 33(657)-16406.   A copy 
of the Statement of Work is included with this report as appendix 1. 

1.2   PURPOSE 

The purpose of the investigation was twofold.    First,  it was intended to briefly 
review earlier work done related to the general subject of thermal noise and 
the effects of such noise on measurement processes.    It was further intended 
to more thoroughly investigate and apply some of the later thermal noise v/ork 
that was directed specifically at a major seismic instrumentation problem. 
This problem is the detetminaaon of minimum inertial mass required for a 
seismometer when a given system magnification is necessary.   Second, iv was 
intended to conduct exacting experiments to verify some of the results of the 
later work so that these results can be more confidently used in instrument 
and system design. 

1.3   PREVIOUS WORK 

The basic design features of the torsional pendulums used in the experimental 
effort on this study, such as the vacuum-tight housing, housing support 
system, suspension support system, and mirror locking details evolved 
directly from the work of Task lb. Galvanometers, Project VT/072.    Detail 
design and fabrication of most of the parts for the pendulums and conceptual 
design of the experimental work were completed on Task Ij, Experimental 
Investigation of Thermal Noise, Project VT/072.   These efforts are 
described in Geotech Technical Report (TR) No. 64-133, Galvanometers, 
Project VT/072 and TR No. 64- 127, Interim Report on the Experimental 
Investigation of Thermal Noise. Project VT/072. 
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1.4   SCOPE 

Concise summaries of classically accepted early papers on thermal noise are 
contained ii section 2.1 of this report.   These summaries are qualitative in 
nature.    Brief discussions of later efforts,  some of those specifically directed 
at seismic problems. are contained in section 2.2.    This later work consisted 
largely of work done at the RCA Laboratories, Radio Corporation of America 
(RCA) and work done at the National Bureau of Standards (NBS).    The RCA 
work was accomplished under AFOSR Contract Numbers AF 49(638)-1080 
and AF 49(638)-1456.   The NBS wo-k was theoretical and is contained in 
unpublished,  private correspondences between Geotech and NBS personnel. 
Other papers on the subject of thermal noise are listed in section 7 of this 
report. 

The work done at NBS resalted in equations which spectrally characterize 
thermal noise in terms of a common set of seismograph control parameters. 
These equations were considered the key equations of this study, and as such, 
the major efforts of the study were devoted to the application of these 
equations and their experimental verification.   FORTRAN computer programs 
were written, based upon the NBS equations.and the thermal noise in hypo- 
thetical systems was spectrally characterized. 

Section 3 contains a description of the experimental apparatus and procedures 
used to acquire the empirical data. 

Section 4 contains descriptions of the experimental data.   The data analysis 
technique is briefly described and theoretical and empirical spectra are 
graphically compared for the hypothetical systems. 

Conclusions and recommendations are contained in sections 5 and 6, 
respectively. 

Appendix 2 contains the complete development of the NBS equations. 

1.5   ACKNOWLEDGEMENT 

While the references listed in section 7 of this report contain all sources of 
information used, special acknowledgement is given to Dr. Dan Johnson, 
Mr. Harry Matheson, and Mr.  Walter J. Gilbert of NBS.   Mr. Matheson and 
Mr. Gilbert were responsible for the NBS equations discussed in section 2 
of this report and the development of these equations contained in appendix 2. 
Dr. Johnson rendered valuable assistance in the basic optical layout discussed 
in section 3. 
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2.    THEORY 

2. 1   THERMAL NOISE 

2.1.1 Brownian Motion 

Thermal agitation of particles has been observed for over 100 years.    Barnes 
and Silverman, in a 1934 paper in the Reviews of Modern Physics, briefly 
summarized the evolutionary thinking on the subject to that date.   According 
to Barnes and Silverman,  naturalist Robert Brown observed a random motion 
of pollens he was studying in a suspension in 1827.    It ^as first thought that 
these pollens and other similarly observed particles were alive.    Tests with 
very old particles,  some even from the Egyptian Sphinx, proved that the 
motion was not due to the action of live particles.    Various other explanations 
for the random motions were subsequently disproved.    The first published 
information which correctly identified the phenomenon was a paper written 
by Delsaulx in 1877.    In that paper,  Delsaulx showed that the motion of a 
particle in a fluid was caused by random energy received from constituents 
of the fluid.    Several other papers have been written since which verify the 
idea advanced by Delsaulx.    Noteable are papers by Gouy in 1888, Einstein 
in 1906, V. Smoluchowski in 1906, and Perrin in 1909.   It was thus 
established, and is now accepted, that a particle or body in fluid medium will 
experience a random motion caused by energy imparted to the body by 
constituents of the fluid.    The imparted energy from the constituents of the 
fluid is directly related to the absolute temperature of the fluid as well as to 
other factors.    The random motion of particles or bodies in a fluid resulting 
from thermal agitation is commonly called Brownian motion.    In considering 
a seismometer mass as a body and the air molecules of the atmosphere as 
constituents of a fluid, it can be assumed that a seismometer mass will 
experience a random motion because of thermal agitation of the air molecules. 
The same assumption can be logically made for a galvanometer armature. 

2.1.2 Johnson Noise 

In a paper published in the Physical Review in July of 1928, Dr.  J.  B. 
Johnson made the observation and rreasurement of a thermal electromotive 
force in electrical conductors.    From empirically derived data, Johnson 
concluded that any electrical conductor has between its terminals a thermally 
originating EMF, the mean-square value of which is proportional to the 
electrical resistance and absolute temperature of the conductor. 

Also in the July 1928 issue of the Physical Reviev  is a well-known paper 
by Nyquist in which he theoretically verified the results of Johnson's tests. 
Nyquist's conclusions were essentially the same as those of Johnson in that 
the mean-square voltage at the terminals of a conductor resulting from 
thermal agitation is a function only of frequency bandwidth, resistance, and 
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temperature.    It was established and is now accepted that electrical 
conductors contain an equivalent random-noise generator caused by thermal 
agitation of the electrical current carriers.    This phenomenon is commonly 
called Johnson noise.    In considering a seismometer or galvanometer coil, 
it can be assumed that a random voltage resulting from thermal agitation 
will appear across the terminals of the galvanometer and a motion of the 
galvanometer armature can result. 

2.1.3   Spectral Features and RMS Values of Thermal Noise 

As stated.thermal noise in a seismometer and a galvanometer come from 
several different sources.    It can result from the irregular bombardment, of 
air molecules on the mass and from the random movement of electrons in 
the electrical circuit.    Any loose elements, such as resistors or dashpots. 
which are coupled to the spring-mass system of the seismometer will act as 
noise sources.    The coupling of any other system to a spring-mass system 
will not alter the long-term average of the kinetic or potential energy of the 
spring-mass system if the temperatures of the two systems are equal.    Any 
change in the long-term average energy of the spring-mass system would 
mean that energy was exchanged by two systems initially at the same temper- 
ature.    Such an exchange would violate the second law of thermodynamics. 

While the long-term or rms value of the noise energy of a spring-mass 
combination is independent of its coupling to other systems which are at the 
same temperature, the special distribution of the noise energy is not 
necessarily independent of the coupling. 

Consider a seismometer or galvanometer which is damped at some value by 
a combination of air and electrical damping.   If the air damping is removed 
and the electrical damping increased so that the total damping remains the 
same, the rms value of the noise energy will not be altered.   However, it is 
possible that the spectral distribution of the noise energy may be different. 
As another example, consider two identical moving-coil seismometers at 
the same temperature and damped at the same value.    Let one be coupled to 
a resistive load, and the other to a galvanometer.   Again, the rms value of 
the thermal noise of the two seismometers will be the same, but the spectral 
distribution of this noise energy may not be the same. 

While it is true that much theoretical and experimental work has been done on 
thermal noise, most of this work has been to confirm that its value is 1/2 kT 
for each coordinate required to describe the position and momentum of a 
system, where k is Botzmann's constant and T is the absolute temperature. 
This fact is true for any system, and as previously stated, is independent of 
coupling.   Since the spectral distribution is a function of coupling, it can only 
be investigated for a specific case. 

-4- 

TR 66-90 



r 

2 .2   SEISMOGRAPH ANALYSIS 

The studies conducted at RCA were broad in scope.    Briefly, one of the 
results of the work at RCA indicated that refrigeration of a damping resistor 
external to a seismometer would be impractical as a means to reduce thermal 
noise effects in a seismograph.    Further, the RCA work resulted in the con- 
clusion that the thermal noise characteristics of a seismometer improves as 
internal damping losses are minimized.    The RCA studies also revealed an 
apparent improvement in noise characteristics of a seismometer-amplifier 
combination by the use of certain feedback techniques. 

The RCA studies were conducted during the period from 15 June 1961 to 
14 January 1966 and are reported in detail in several reports which are 
listed in the reference section of this report. 

2.2.1   NBS Analysis 

A seismograph will, as pointed out above, contain a thermally induced out- 
put resulting from both Brownian motion and Johnson noise.    Nyquist in his 
1928 paper briefly discussed the relationship and indicated the equivalence 
of Brownian motion to Johnson noise.   Mere recently, a mathematical model 
of a seismograph with its thermal agitation noise generators has been 
described (Matheson and Gilbert,  1964).   The Mathescn and Gilbert analysis 
directly relates Brownian motion in seismograph components to Johnson 
noise.    In equations describing the equivalent circuit of the seismometer- 
galvanometer combination, the internal damping terms of the seismometer 
and galvanometer were replaced by their equivalent virtual resistors.   The 
noise analysis was then treated as if the noise generators were of the 
Johnson-noise variety.    The complete NBS development is given in appendix 2. 

The NBS analysis considered two seismometer-load combinations, a 
seismometer or galvanometer connected to a resistive load and a seismometer- 
galvanometer combination.    The defining equations from appendix 2 for the 
resistive load case can be written as: 

|e|2 = 
4(Xgt XQ) U)/u)  kT 

TTU (1 - Awg2) 2+ 4 (\0 + Xg)2uu2/uug2 
(1) 

where \§\    is the spectral density in (radians)  /octave of the thermally 
induced angular position.   All other parameters are defined in the glossary of 
terms at the end of this report.    The analogus circuit for the resistive load 
case is shown in figure 1. 
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Figure 1. Analofus cifcuit lor selimometer (or lalvanometer), excluding fenwatort 

Similarly, the spectral density of angular position of the fealvanometer 
armature in the combination case, can be written as: 

|e| = $      _ LA2   (i-aV + *4     (4^x2) kT 

T 
J^     (2) 

where: 

Dr 
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Figure 2. Analogus circuit for seisiWHMter-galvanoneter combinaticn, excluding generator 

By comparing the earth motion-to-galvanometer rotation transfer charac- 
teristics for a given seismograph to equations 1 and 2 above, the earth- 
motion equivalent to thermal-noise level can be established.    This motion 
equivalent to noise level thus defines a spectrally characterized lower limit 
for detection. 

An expression from which the galvanometer rotation can be related to earth 
motion is equation 6.2.2 in NBS Report 7454. This equation can be written 

as: 

2a ^ js: ai = 2A. ti^-] 
m m\   K       W 0 0   \    U)2 / 

/tJuB
2 -   ID2 \      /lüo2 -   u)2   \ 

+   2A uu 
g g (^ 

2 2 uu—, 
4(a   - 1) V   -JSL 

uu' 
(3) 

The analysis technique outlined above is valid only for instruments for which 
electrical inductance is negligible. 

2.2.2   Application of NBS Analysis to Operational System 

The analysis technique outlined in section 2.2.1 was applied to the advanced 
long-period system in a typical üeld configuration.   The advanced long-period 
system is described in detail in Geotech Technical Report (TR) No. 63-25, 
Advanced Long-Period System.   Figure 3 shows the seismometer-galvanometer 
combination of the advanced long-period system reduced to a form suitable 
for analysis. 
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Figure 3. SeisnwMter-ialvMMKiter combination in advanced long-period system 
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In addition to the seismometer-galvanometer combination, the advanced 
long-period system includes a Model 5240A phototube amplifier (PTA) and a 
high-gain channel passband filter, Model 6824-15.   Figure 4 shows the 
frequency response of the system and is included for reference.   For purposes 
of the analyses, it was assumed that 1 mm p-p was the maximum allowable 
record displacement resulting from the thermal noise and that only the high- 
gain channel of the system was of interest.    It was further assumed that 6 X 
rms values were equivalent to long-term p-p values.   Narrow-band and 
broad-band analyses of the system are described below. 

LU 

LU 
Q 
3 

_J 
a. 

I 

0.0011 

0.01 , - 

3        4      5     6    7   (  *  I 

PERIOD (••„and*) 

Figura 4. Relative amplitude tiequency response of the advanced long-period system 
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When considering narrow pass bands, data points from equation (2) can be 
divided by squared values of data points from equation (3) which is expressed 
as y/e   =   f (A0. A«, UQ, ujg. M, K, a), yielding a spectral relationship between 
thermal noise and detectable earth motion.    This relationship is shown in 
figure 5 for the advanced long-period system as are similar relationships 
for two hypothetical systems, one with a 1 kg mass seismometer and one with 
a 100 kg mass seismometer.   In examining figure 5, it is apparent that the 
system is most severely limited by thermal noise at the longer periods.   To 
illustrate the use of figure 5 for a narrow pass band at the longer periods, 
consider a system with 10 kg mass seismometer from which data in a 1/4 
octave bandwidth centered on 100 sec is of interest.   (It should be noted that a 
1/4 octave wide pass band is possibly undesirable and probably impractical.) 
From figure 5, the spectral density at 100 sec is 13 m^  /octave.    For the 
1/4-octave pass band, the equivalent mean-square thermal noise is 
1/4 octave x 13 mu2/octave or 3.25 mu2.    The long-term peak-to-peak value 
of the thermal noise is equivalent to approximately 6 x y3.25 my    or 11 m\x- 
By dividing 1 mm p-p by 11 mup-p, a maximum magnification of about 90/O 
at 100 sec is predicted.   (If thermal noise were the only limitation, a 
magnification of about 2500 K would be possible for a 1/4 octane wide pass band 
centered on 25 sec.)   Similarly, a maximum magnification of about 30 K could 
exist in the 1/4-octave pass band centered on 100 sec for the 1 kg case 
represented in figure 5; and for the 100 kg case, a magnification at 100 sec 
of about 300 K would be possible. 

An analysis considering the complete pass band was conducted as follows. 
The initial step was to spectrally characterize the root-mean-square thermal 
noise in the galvanometer armature by taking the square root of mean-square 
values obtained from equation (2).   Each point on the resulting spectrum was 
then multiplied by the absolute amplitude response of the high-gain channel 
filter.   The resulting spectrum was then multiplied by the PTA sensitivity, 
700 volts/radian, yielding the rms spectrum of the thermal noise as it would 
appear at the PTA output.   By squaring each point on this spectrum and 
integrating the results, the mean-square value of the thermal noise was 
obtained:   9.1 (10)-8 volts2.   By taking the square root of this value and then 
multiplying by 6, an estimate of the PTA long-term, peak-to-peak output 
resulting from thermal noise was obtained:   1.81 mV p-p.   The earth motion 
at 25 sec which also results in a PTA output of 1.81 mV p-p is 7.7 mu p-p. 
Thus, 7.7 mu p-p earth motion at 25 sec can be considered equivalent to the 
thermal noise in the complete pass band of the high-gain channel of the 
advanced long-period system.   This equivalence can be demonstrated by 
multiplying 7.7 mu p-p by the seismometer-galvanometer combination gain 
at 25 sec obtained from equation (3):   701 radians/meter.   The resulting 
product is then multiplied by the PTA sensitivity, 700 volts /radian, and the 
filter gain at 25 sec:   0.48.   The result of these multiplications,  when 
multiplied by lO"9 meter/mn. yields the 1.81 mV p-p.    Dividing the 1 mm by 
7.7 mwi yields a maximum magnification at 25 sec of about 130 K.   Similarly. 
1 kg and 100 kg seismometers would yield maximum magnifications of 40 K 
and 400 K, respectively. 
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3.    EXPERIMENTAL EQUIPMENT AND PROCEDURES 

3.1   GENERAL 

The purpose of the experimental effort was to investigate the spectral 
distribution of noise energy in seismometers and galvanometers and their 
connections in terms of a commonly used set of seismograph parameters. 
Subsequent comparisons of the thermal-noise spectrum with a typical seismic- 
noise spectrum will enable the ultimate magnification of a typical seismograph 
to be expressed in terms of its various parameters. 

The experimental effort in this study investigation was divided into two parts 
called experiment 1 and experiment 2.    Experiment 1 was designed to 
determine the spectral distribution of thermal-noise energy in a seismometer 
or galvanometer with a resistive load, thereby verifying equation 1 in section 
2.2. 1.    The purpose of experiment 2 was to determine the spectral distri- 
bution of thermal-noise energy in a seismometer-galvanometer combination 
and as a result, verify equation 2 in section 2.2.1. 

3.2   DESCRIPTION OF APPARATUS AND EQUIPMENT 

The laboratory selected for the tests consisted of two rooms, one of which 
contained an isolated pier.   The various pendulums, the thermal energy of 
which was to be determined, were located on the pier with other experi- 
mental apparatus and all controlling equipment such as function generators, 
recorders, and signal-conditioning amplifiers were located in the adjoining 
room so that all calibrations and adjustments could be made without entering 
the pier room and disturbing the sensitive instruments.    The configuration 
for experiment 1 was that of a single torsion pendulum and for experiment 2 
was that of two torsion pendulums coupled together. 

Torsion pendulums were used to minimize the effects of pier motions which 
were predominately translational.   The same experimental techniques and 
equipment were used for both experiment 1 and experiment 2 where possible. 

3.2.1   Experiment 1 

Experiment 1 was designed so that coherent outputs from two like pendulums 
would be subtracted, thereby minimizing inputs such as rotational components 
of pier motio»*.   Instantaneous values of incoherent pendulum outputs added 
directly, however.    Very careful attention was given to design and assembly 
details concerning the pendulums so that two like ones could be fabricated. 
A torsion pendulum is shown in figure 6 where key features are indicated. 
The careful matching required that much attention be given to the arrr  iures 
and suspension fibers.   Each armature consisted of a symmetrical quartz 
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Figure 6. Torsion pendulum 
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sphere 9.5 mm in diameter on which two flats were ground using special 
care to insure that the flats were parallel, optically flat, and identical in 
diameter.    The moment of inertia of each sphere was 9. 05 (10)'9 kg m  . 
The armatures were then coated with silver 3 (lO)-3 mm thick using the 
rochelle salts chemical deposition technique.   In conjunction with the optical 
flats on the spheres, the silver coatings provided the necessary pendulum 
mirrors, and in conjunction with external magnetic fields, thu coatings pro- 
vided the necessary conductors for electromagnetic pendulum damping. 
Control of pendulum damping was accomplished by shunting the external 
magnetic structures.    These structures were made using available magnets 
from Model 6840 seismometers.    These magnets were cylindrical and were 
about 102 mm in diameter and about 114 mm long.    The magnets wer^ made 
from Alnico 5.   Special mountings and pole pieces were made for the magnets. 
The magnetic structures were charged and the uniformity of the field in each 
gap was satisfactory.    The field strengths in the gaps were within 3 percent 
of each other and each was about 1800 gauss. 

Fittings to attach suspension fibers were attached to the spheres.   The sus- 
pension abers were individually selected from a collection of quartz fibers. 
The selection was made on the basis of matching pendulum periods and the 
diameter of the selected fibers was about lO-5 m.    Thus, the critical internal 
characteristics oi the pendulums , moments of inertia of the armatures and 
torsional corstanis of the fibers, were matched as carefully as practically 
possible and damping was controllable. 

The optical system which provided coherent cancellations utilized some basic 
features and assemblies of the Model 4300 PTA.    Referring to figure 1, the 
light source, S, was focused by lens system,  LS, on the pendulum mirror, 
P..    The distance from Pj to Lj and from L2 to P, was equal to the focal 
length of Lj and L2 thereby focusing the image at P, on P2.    This optic;» . 
arrangement was necessary to prevent translation of the image on P- when 
P    rotated.    Translation of the image of S at P2 caused by rotation oi Pj 
would have resulted in a translation at the beam splitter even if P., had 
rotated the same amount as P..    In other words, it was not s'ifficient to have 
only angular subtraction of P    and P    rotations, but translation of the image 
on P, caused by P,  rotation   vas intolerable.   Focusing S on Pj and P2 also 
resulted in an efficient use of the available quantity of light.    The optical- 
path distances from the stop O to Lj, from Lj to L.  , and from L^ to the 
beam splitter lens (BL) was such thAt the image of D was focused on BL.    The 
shape of O was a square with sides about 25 mm long.    Thus, coherent ro- 
tations of P, and P2 caused no translation of the image of O on BL, but any 
incoherenf rotations of Pj and P2 resulted in ^ translation at BL, and 
corresponding output from the phototubes resulted. 

Calibrations and noise checks of the optical system were accomplished by 
replacing one of the torsion pendulums with a fixed mirror and the other 
with a calibrated galvanometer whose suspension was much stiffer than those 
in the pendulums. 
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The change from data acquisition to calibration and noise check was 
accomplished by inserting a large mirror in the optical path between the 
torsionai pendulums and the light source.    This mirror, as well as the other 
mirrors in the system, was flat to 1/4 wavelength and the lenses in the 
sytem were achromatic.   A simplified sketch of the optical layout is shown 
in figure 8.    The solid line indicates the optical path for the desired noise 
data and the broken line indicates the optical path during system static-noise 
checks and calibration.    During system static-noise checks the input to the 
test galvanometer was effectively shorted and the resulting system output 
\.'as caused by excess noise.   This check was performed routinely to insure 
that excess noise was not of sufficient magnitude to cause errors.   To 
calibrate the system, a low-level input was fed to the test galvanometer, 
which had been previously calibrated, and the resulting signal was recorded. 
From this information svstem calibration in output-voltage-per-unit-rotation 
was obtained.    The complete optical system is shown in figure 9. 

As stated, the experiment was designed so that data acquisition, calibration 
and noise checks were conducted without entering the pier room.    These 
operations were accomplished using the equipment configuration shown in 
figure 10.    Data from the phototube deck assembly, either test data or 
calibration data depending upon the position of the large mirror, were fed 
into the Model 4304 power supply in a balanced configuration.    The output of 
the Model 4304 power supply, a single-ended cathode follower, was connected 
to the two input terminals of the signal conditioning amplifier.    The signal- 
conditioning amplifier was an engineering unit built around commercially 
available solid-state operational amplifiers.    Utilizing the available gain 
flexibility and low output impedance of the signal conditioning amplifier, the 
data were then fed to the strip-chart recorder and the analog magnetic-tape 
recorder.   The monitor channel on the magnetic-tape recorder was used to 
examine the recorded data simultaneous (3 sec delay) with recording.    The 
monitored data were recorded on the strip-chart recorder adjacent to the 
data coming directly from the signal-conditioning amplifier.   This dual 
recording on the strip-chart recorder was done to insure that the data were 
being faithfully recorded by the magnetic-tape recorder.    With the large 
mirror in the down position, corresponding to the solid lines in figure 8, 
test data were recorded.   By using the motor-control switcL, the large 
mirror could be raised so that the optical path corresponded to the dashed 
line in figure 8.    With the large mirror up, the decade box shunting the 
calibration lines could be used to either supply a calibration rotation to the 
optical system or to check the static noise in the system.   The VTVM in the 
calibration circuit was used to monitor the level of the calibration signal. 
Voltmeter No.  1 was used to monitor the dc voltage between the output-tube 
cathodes of the phototube deck assembly.    By monitoring this voltage, effective 
control of optical adjustment was possible.    Voltmeter No. 2 was used to 
monitor the dc component of the Model 4304 power supply output to insure that 
excessive offset did not occur and cause clipping in the magnetic-tape recorder. 
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Figure 9. Optical system set up for experiment 1 
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3-2.Z   Experiment 2 

The torsion pendulums used in experiment 2 consisted of 2 galvanometers 
1 experimental and 1 Model 8530-1 galvanometer.    The experimental 
galvanometer for experiment 2 was designed to match the Harris galvano- 
meter such that the "response" of the combination would be similar to the 
response of a typical seismometer-galvanometer combination.    The Harris 
galvanometer represented the seismometer in the combination and the special 
galvanometer was the galvanometer of the combination. 

The Harris galvanometer had a natural period of 113 sec and the special 
galvanometer had a natural period of 10 sec.   Experiment 2 required most 
of the eqmpment and apparatus used in experiment 1.   The only significant 
difference was. of course, the test pendulums.    Experiment 2 was not 
designed to include the cancelling technique utilized in experiment 1.   There- 
fore, referring to figure 1. where changes in the system are shown in red 
1 torsion pendulum was replaced with the experimental galvanometer and I 
torsion pendulum was replaced with a fixed mirror. 

The experimental galvanometer shown in figure 12 was built in a sealed 
housing like those used for the torsion pendulums.    Because an identical 
pair of galvanometers was not required for experiment 2. considerable 
flexibility of design and assembly existed with regard to geometry, materials 
and configuration.    Considerable effort was therefore expended to kc^eve        ' 
armature balance.   The armature is shown in more detail in figure 13 where 
the balancing material can be seen.   Also shown clearly in figure 13 are the 
electrical leads of the galvanometer.   A pair of leadi in a glass-to-metal 
seal from an incandescent bulb were inserted and sealed by epoxy in a hole 
in the side of the galvanometer housing.   The Harris galvanometer was also 
very carefully balanced. 

3. 3   EXPERIMENTAL PROCEDURES 

Preceding acquisition of data, and after complete optical and electronic 
alignment, two tests were conducted for each experiment to insure proper 
operation of the complete system.   First, neutral density filters were 
inserted in the optical paths as required to prevent phototube illumination 
differences between data acquisition and calibration configurations.   A silicon 
photo-voltaic cell and a current meter were used to determine the illumi- 
nations.   Second, system frequency responses were carefully determined for 
use in analysis of ^est data. 

The detailed procedures followed were the same for experiment 1 and 
experiment 2.   All data run« were conducted at night to minimize ambient 
noise effects.   Optical alignment was started from 6 to 24 hours preceding 
the data runs.   At the beginning of each data run a thermal shield was 
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Figure 12. Experimental galvanometer used in experiment 2 
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Figure 13. Close up of experimental galvanometer showing armature and electrical connections 
G 2370 
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placed over the apparatus on the pi^r as shown in figure 14.   After starting 
the alignment, the pier room was entered only to make necessary system 
adjustments.   All electronic equipment was turned on a minimum of 1 hour 
before starting a data run.   As much equipment as possible (all except that 
which was battery powered) was left on all the time.   After optical and 
electronic adjustment and stabilization was completed, voltmeter No.  1 and 
voltmeter No. 2 were used to facilitate very fine adjustment of the complete 
system.   The phototube deck assembly and the Model 4304 power supply were 
linear for a 30-volt p-p output from the power supply.   Therefore, a reading 
between ±10 volts on voltmeter No.  1 was established as within a proper range 
of operation.   Even though any point between ±10 volts was considered a 
satisfactory zero point, the zero point difference between data acquisition 
and calibration was made as small as possible.   Next, the ZERO ADJUST 
control on the Model 4304 power supply was adjusted for a dc offset between 
±0.1  volt.    The recorders and signal-conditioning amplifier were then ad- 
justed for convenient recording levels.    At this point, the complete system 
was considered operating and completely adjusted. 

The large mirror was then remotely inserted in the optical paths and a 
5|i radian p-p deflection with a 10-second period was injected.   This 
calibration signal was recorded for several minutes.    The large mirror 
was then lowered and the acquisition of test data was accomplished. 

Data runs were conducted for 5 different sets of conditions including two 
for which the air pressure in the pendulums was reduced to less than 10" 
mm of mercury.   The reduced air pressure tests were conducted to determine 
the effects of air damping on the thermal noise spectra of systems that are 
largely damped electromagnetically. 

Static noise check 

a.    Data was acquired with the large mirror remaining up throughout 
the run. 

Experiment 1 

b.     Y 
X 

10.5 sec 
0.26 

0.01 

Y 
X 

10.5 sec 
0.26 

« 0.01 
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Fifure 14. Optical system covired with insulating shield 
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Experiment 2 

d-     Yg       : 

X 
g 

10 sec 

1.48 

0.02 

113 sec 

0.67 

0.33 

g 
X 

g 
« 

10 sec 

1.48 

0.02 

113 sec 

0.67 

0.33 

4.    EXPERIMENTAL RESULTS 

4.1   ANALYSIS TECHNIQUES 

All data were spectrally analyzed on a CDC 3100 Compute    using the BLACKY 
spectral analysis program.    Before analysis, the data were digitized at a 
rate of 4 samples per second.    The digitizing process included analog band 
pass filtering with 3 dB points at 1 Hz and 0.002 Hz.   The rolloff rate was 
12 dB/octave above 1 Hz and 6 dB/octave below 0. 002 Hz.   Each data run 
consisted of at least 12,000 samples.   After digitizing, each data run was 
reproduced throu^i a digital-analog converter and the resulting analog record 
was compared to the corresponding strip-chart record.    This comparison 
assured valid digita1 data.   All spectra resulted from data segments 4000 
samples long (maximum practical length) which wer    lagged 400 times by 
the analysis program.   The spectral plots shown i« sections 4.3 and 4.4 show 
each of the three 4000 sample segments and an average of the three. 

4.2   STATIC NOISE CHECK 

An example of system static noise is shown in figure 15.   The spectrum of 
this noise is shown in the spectral curves to be introduced in sections 4. 3 

and 4.4. 

4.3   EXPERIMENT 1 

Typical analog date from experiment 1 is shown in figure 16.   Figure 16a 
shows data for which the torsion pendulums were not evacuated, or 
U  =   0.01, and figure 16b   shows data for which the torsion pendulums had 
been evacuated, or Xe<!C   0.01.    Spectra for the case where Xg   =   0.01 are 
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shown in figure 17 and for the case where Xg "^ 0.01 are shown in figure 18. 
The data represented by figures 16a and 17 and by 16b and 18 were acquired 
on 2 different days. 

4.4   EXPERIMENT 2 

Analog data segments are shown in figure 19a for which the experimental 
galvanometer had not been evacuated and in figure 19b where the special 
galvanometer had been evacuated.   Internal losses of the special galva- 
nometer corresponding to figures 19a and 19b are \Q   =   0.02 and 
Xo« 0.02, respectively.   Spectra corresponding to figures 19a and 19b are 
figures 20 and 21, respectively.   The data represented by figures 20 and 21 
were acquired on 2 diffei ^nt days. 

5.   CONCLUSIONS 

The theoretical equations generated by NBS seem quite reasonable when 
considering location of spectral peaks and total potential energy attributed 
by the equations to given seismometer-amplifier combiiations. 

Experiment 1 was considered to be only partially successful.   Experiment 
1 spectra, figures 17 and 18 contained components not predicted by theory. 
Lines are apparent in the spectra between 5 and 10 sec and between 15 and 
20 sec.   These components are considered to be lines in earth motion 
spectra and are considered to have caused responding motion in the torsion 
pendulums.    Very slight imbalances in the pendulum armature(s) are the 
probable causes of the undesired pendulum motions.   However, experiment 1 
did not offer evidence to dispute the theory. 

Experiment 2 was considered to be successful and agreement with theory 
was considered good.   The data runs for which \g   ■   0.01 and XQ ^ 0.01 
resulted in very similar spectra.   It can be concluded, as the theory predicts, 
that when XQ 

<<Xg   or  X   ^ XQ the Lrownian motion contribution to the thermal 
energy of a galvanometer or seismometer is small and no significant improve- 
ment in performance will result from operating an instrument in an 
evacuated environment. 

Based upon the NBS equations, the values of inertial mass given in section 
2.2.2 are considered realistic.   For the advanced long-period system to 
operate with magnifications as high as 130K the inertial mass of the seismo- 
meter should be at least 10 kg.   For narrower portions of the system pass 
band, higher mangifications are possible if effective filtering, either in 
data acquisition or in data processing, can be provided.   In order to operate 
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the advanced long-period system at magnifications of 40K or 400K, the 
inertial mass of the seismometer must be 1 kg or 100 kg .respectively. 

6.    RECOMMENDATIONS 

It is recommended that experiment 1 be repeated in a seismically quiet 
environment to complete the verification of the NBS theoretical analysis.   It 
is also recommended that the site used be the Tonto Forest Seismological 
Observatory (TFSO) where the seismic background is low and well suited 
facilities exist.   Isolated pier space is available at TFSO for the sensitive 
experimental instruments as is adequate laboratory space for the other 
electrical and vacumn equipment.   Use of TFSO would result in the most 
economical repetition of the experiment without compromising the quality of 
the test results.   If experiment 1 should be repeated it is anticipated that 
existing experimental equipment would be utilized, although it is probable 
that the torsion pendulums would be modified to further assure that seismic 
inputs would not affect the test results. 

Until such time as other, more conclusively verified models are generated 
or unless the NBS theory is conclusively disproved, the NBS development 
should be considered valid.   It is therefore recommended that the technique 
outlined in section 2.2.2 be considered valid for seismometer-galvanometer 
analyses. 

It is further recommended that 10 kg be considered the minimum value of 
inertial mass for use in systems comparable to the advanced long-period 
system and which operate with magnifications up to 130K. 

7.    REFERENCES 

Byrne, C. J.,  1961, Instrument noise in seismometers, Bulletin of the 
Seismological Society of America, vol. 51, No.  1, pp. 69-84 

McCoy, D. S., various reports on thermal noise written under Contracts 
AF 49(638)-1080 and AF 49(638)-1456 

Johnson, J. B., 1928, Thermal agitation of electricity in conductors. 
Physical Review, vol.  32, pp. 97-109 

Nyquist, H. ,  1928, Thermal agitation of electric charge in conductors. 
Physical Review, vol.  32, pp.  110-113 

-35- 

TR 66-90 



Barnes, R. B., and Silverman, S., 1934, Browman motion as a natural 
limit to all measuring processes. Reviews of Modern Physics, 
vol. 6, p.  162 

Milotz, J. and Zolingen, The Brownian Motion of Electrometers, Physics, 
vol. 19, p.  181 

Landon, U. D.,  1941, The distribution of amplitude with time in fluctuation 
noise, Prcc T.R.E., February 1964,   pp. 50-55 

Matheson, H, and Gilbert,  W.,  1964, On the frequency distribution of 
Brownian motion (unpublished) 

Johnson, D. P., and Matheson, H.,  1962, An analysis of inertial seismometer- 
galvanometer combinations, NBS Report 7454,  182 p. 

■ 

. 

TR 66-90 

-36- 



  ■ 

r.T.OSSARY OF TERMS 

M 

K 

S 

U 

r8 

inertial mass of seismometer 

moment of inertia of galvanometer armature 

the stiffness of the mecha ur.1 spring in a seismometer 

stiffness of the suspension of the galvanometer coil, the angular 

equivalent of S 

ft, generator/motor constant a..ociated 1* on. real coil of the 

seismometer 

the motor/generator constant of the galvanometer 

Presumed proportional to velocity. 

ii  „„-«-ant" of the cilvauometer.   Usually 

■„a conducting coil l.rxn.   The rotational .„uvalont of r,. 

The electrical capacity equivalent to the inertia of the hoh in the 
electric»! analog of the seismometer. 

The electrical capacity equivalent to the inertia of the armature 
in the electrical analog of the galvanometer. 

The alectrical numerically cf IS '^^VuXSTnaCof a 
effective stiffness of the suspension In the electrical analog 

seismometer 

n    i-2   .11     The electrical inductance equivalent to the 
r^oYthe Cnsi^of the galvanometer in the .l.ctr.cal 

analog. 

The resistance of the shunt (common) arm of a resistive T pad 
connecting a seismometer to a galvanometer. 

n„r2/r       The electrical resistance which is equivalent 

the seismometer. 
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GLOSSARY OF TERMS, (Continued) 

Rg numerically G 3/19 •    The electrical resistance equivalent to the 
internal losses of. the galvanometer in th i electrical analog. 

R, the electrical resistance of the seismometer coil plus series 
resistance ( if any). 

R, the electrical resistance of the galvanometer coil plus series 
resistance (if any). 

a the mean coupling coefficient, a measure of the attenuation 
provided by a resistive T pad. 

2 
R0 R0    == G}   /Zu^jM.   In a seismometer having negligible internal 

losses and negligible inductance this is the critical damping 
resistance (CDRX + coil resistance). 

2 
ft„ Rg   =   G^   /2ULK.    This is the critical damping resistance (CDRX 

plus coil resistance), of a galvanometer having no internal losses 
and negligible inductance. 

üU0 defines as    ^S/Kl    , called the natural angular frequency, in 
radians per second, at which the inertial mass woula oscillate 
after an impulse if it had no iritornal damping, when disconnected 
from an electrical circuit. 

"»I 

6 

natural angular frequency of a galvanometer, defines as    yU/K. 

(U 2 rr times frequency in cps, angular frequency, frequency of a 
sinusoidal variable in radians per second. 

6 angular position of a galvanometer coil with reepect to the case. 
The rotational equivalent of x. 

■ 

y earth displacement parallel to the motional axis of the instrument. 
For vertical instrument y is taken positive upward.   The linear 
equivalent of  6   . 

X fraction of critical damping, or ratio to critical damping, of the 
seismometer due to the circuit resistance as seen by the seis- 
mometer (includes coil resistance of the seismometer). 

X^ fraction of critical damping, or ratio to critical damping, of the 
galvanometer due to the circuit resistance as seen by the galvano- 
meter (includes coil resistance). 
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GLOSSARY OF TERMS. (Continued) 

R, 

R, 

R, 

numerically ü  3/r0 •    The electrical resistance equivalent to the 
internal lo^-ses of the galva.nometer in the electrical analog. 

the electrical resistance of the seismometer coil plus series 
resistance ( if any). 

the electrical resistance of the galvanometer coil plus series 
resistance (if any). 

the mean coupling coefficient, a measure of the attenuation 
provided by a resistive T pad. 

2 
^o   ss Gi   /2i%M.   In a seismometer having negligible internal 
losses and negligible inductance this is the critical damping 
resistance (CDRX 4 coil resistance). 

R, 

W, 

IS) 
i 

ft-   =   G3   /ZOLK.   This is the critical damping resistance (CDRX 

plus coil resistance), of a galvanometer having no internal losses 
and negligible inductance. 

defines as    ^/S/M    , called the natural angular frequency, in 
radians per second, at which the inertial mass would oscillate 
after an impulse if it had no internal damping, when disconnected 
from an electrical circuit. 

natural angular frequency of a galvanometer, defines as    yU/K. 

2 rr times frequency in cps, angular frequency, frequency of a 
sinusoidal variable in radians per second. 

i 

angular position of a galvanometer coil with respect to the case. 
The rotational equivalent of x. 

earth displacement parallel to the motional axis of the instrument. 
For vertical instrument y is taken positive upward.   The linear 
equivalent of   6   . 

fraction of critical damping, or ratio to critical damping, of the 
seismometer due to the circuit resistance as seen by the seis- 
mometer (includes coil resist, ..s of th^ seismometer). 

f'/action of critical damping, or ratio to critical damping, of the 
galvanometer due to the circuit resistance as seen by the galvano- 
meter (includes coil resistance). 
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GLOSSARY OF TERMS (Continued) 

fraction of critical damping, or ratio to critical damping, of a 
seismometer due to losses within the instrument tending to 
reduce the velocity of the inertial mass such as residual eddy 
currents, air damping, etc.    Losses presumed proportional 
to velocity. 

^e fraction of critical damping, or ratio to critical damping, of a 
galvanometer due to losses within the instrument tending to 
reduce the velocity of the inertial mass such as residual eddy 
currents, air damping, etc.    Losses presumed proportional to 
velocity. 

m 

uu m 

total galvanometer ratio to critical damping, where 
Ag   =   Xg   +   X0 

total seismometer ratio to cri leal damping, where 

o o x 

geometric mean of total dampings, where 

m V^T^g 

geometric mean of instrument natural frequencies, where 
uu m VAP^I g 

period in seconds 

.' 
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EXHIBIT "A" 

STATEMENT OF WORK TO BE DONE 
AFTAC Project Authorization No. VELA T/6706      . >.  ...,,. 

1. Tasks: 

a. Experimental Ir.vestigatlor. of Thermal Noise. Continue the experi- 
mental investigation, defined in Project VT/072, of thermal noise com- 
ponents in seismograph systems, using torsional pendulums and associated 
equipment available from that project. Determine experimentally the 
spectral distributions of thermal noise in seismograph systems and compare 
the experimental results with theoretical predictions., as those derived 
by the National Bureau of Standards, for example. Provide data and 
methods for determining the ultimate possible magnification of a seismograph. 
Work on this task is to be completed within 4 months of the initial autho- 
risation date. 

b. Development of a Long-Period Triaxial Borehole Seismometer. Modify 
the "Melton" long-period triaxial seismometer developed under Project VT/072 
to adapt it for routine operation in shallow (200-foot) boreholes.  Reduce 
the seismometer's diameter so it will fit insldo standard 13.375-Inch out- 
side diameter shallow-well casing. Develop and add a suitable level sensor 
and remotely-Controlled levelling device. 

c. Preliminary Testing of the Long-Period Triaxial Borehole Seismometer. 
Prepare a cased, shallow borehole at a VELA seismological observatory to 
be designated by the AFTAC project officer. Assemble handling equipment 
for installing the seismometer. Conduct preliminary tests of the modified 
Instrument in the test hole to determine its stability and the effects of 
temperature and local tilting as functions of depth. Through the use of 
improved installation techniques, selective filtering, design improvement 
or other means, develop a method for operating the seismometer so that 
magnification in the 10 to 100 sec period band is limited only by propa- 
gating seismic noise. 

d. Field Measurements with the Long-Period Triaxial Borehole Seismometer. 
Collect and analyze data to determine long-period signal and noise character- 
•..sties in shallow borehole», to identify principal long-period seismic noise 
components, to ascertain depth-environmental effects, and to compare the 
performance of t'.ie triaxial borehole seismometer with standard long-period 
seismometers. 

2'    Data Requiremants; Provide report as specified Toy DD Foim 1^23» with 
Attachment 1 thereto. 

**** 
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ON THE FREQUENCY DISTRIBUTION OF BROWNIAN MOTION 



ON THE FREQUENCY DISTRIBUTION OF BROWNIAN MOTION 

By Harry Matheson & Walt Gilbert,  NBS 

Accepting the reasoning of Nyquist (Phys.  Rev.   32,   110,  July   1928) 

and using the nomenclature in NBS Report 7454,  the following development 

can be obtained. 

Figure 4. 1 in NBS Report 7454 is reproduced here as figure 1 for convenient 

reference. 

WT EG3/U-Lö 

Fiiurel. Electrical tnalog of a lalvanoimter 

First the reader should note that in observing or recording the deflections 

of the galvanometer mirror from its average position he is observing a 

quantity proportional to the current through the inductor in the above circuit 

and the angular velocity of the mirror is proportional to the emf across the 

inductor. 

The term rQ    was introduced in Report 7454 as the coefficient of a term 

representing energy losses within the instrument whether due to the visco- 

elastic properties of the suspension, eddy currents, or air damping.   The 

galvanometers typically used in seismological work are constructed 

with suspensions having very little energy loss and these losses will 

-1- 

TR 66-90, app2 

^   . 



mmmmmmma 

be neglected in what follows.   These galvanometers are also usually designed 

to have minimal eddy current losses, and in what follows these also will be 

ignored.   Air damping, or windage losses, have been simulated by the 

introduction of the virtual resistor Re, and insofar as these losses are 

strictly proportional to the angular velocity of the armature, this substitution 

is exact.    For moderate deflections, this is a reasonable assumption; R0 

depends upon a shape factor of the armature and interior of the case as 

well as the viscosity of the contained fluid.   For small deflections, those 

approaching the mean free path of the molecules of contained fluid, the 

motions of the armature are reduced by the presence of the fluid only part 

of the time.   A significant fraction of the time, unbalanced impacts of the 

molecules will increase or decrease the kinetic or potential energy of the 

armature.    Under those conditions, we will consider only the rms kinetic 

and potential energy of the armature and Re is a noisy resistor of the type 

consid red by Nyquist in that it can both absorb power from the armature 

and feed power into the armature. 

Considering Re as an ideal resistor in series with a zero resistance 

generator simulating the noise of the resistor, we can write 

Ees (i^ + ic) Re + ^ J wl*e (i) 

. 

where Eg is the voltage of the generator, ic is the current through the 

capacitor, and i£    is the current through the inductor. 

2- 
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Since V1/= U)2/U)2 

g 
or   = 1/LQCQ.  and Lg = 2 R  /uu 

equation(l)can be written 

fuu2 - ÜU2 

•j   R0 + 2jRg(n/Uüg| i^ (2) 

Expressing the internal losses of the instrument as a fraction of critical 

damping XQ = Ag/R0 no'.ing that the quantity sought,  9,  is related to U 

by i«   = 6U/G ,  and by using the substitution G3 = LQU,  we can write 

u|e|2 N2 

R. 

2        2 v 2 

a). ) 
+ 4 XQ    U)2 

2XeU)g 
(3) 

This equation relates galvanometer deflection to the noise in the damping 

resistor at any specific frequency.    The potential energy in the galvanometer 

over an arbitrary frequency interval (1 to 2) is given by rewriting equation{3)in 

integral form. 

u e 2  |2 

■/' 
vi 

2*2 
1   Jl      (U)^ - v£-)c + 4 X§ U) -2U)2 

g 
Re 

df (4) 

From the reasoning of Nyquist, we make the substitutionlE  I/4R = kT,  and 

with algebraic manipulation this may be rewritten 

ulil 2 I2 _  r2 2x9 
li       J*     (1 - x2)2 + 4 

  #   kT 

X2 x2 ft 
dx 
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Note that this equation is written in terms of the norma.  ;ed frequency. 

X ■ u/ UJg . 

A necessary, but not sufficient,  condition thai this equation corresponds to 

the real spectral distribution is that over the range    uu- o to («= «, the value 

of this integral be kT/2.    Expanding and factoring the denominator it may be 

written as (a2 + x2)   (b2 + x2) where a2b2 = 1 and a2 b2 = 4 X6   - 2.    From 

standard tables of integrals 

/ 

dx 

(a2 + x2)  (b2 + x2) 

TT 

2 ab (a + b) 

so that equation 5 integrates to 

2 
2XeTT kT kT 

2-1-2X0"   TT 2 

It will also be convenient to have an expression for the mean kinetic 

energy of the galvanometer armature.    Remembering that equation (3) 

relates to the potential energy of the galvanometer armature at any 

2 
specific frequency,  we may substitute for u|e|2 its equal Kiel    uug/uj 2 

The equation corresponding to eqration (5) may be written 

KM 
•2 

2Xex' 

7(1 -xV  +4X2   x2 
kT 

TT 
dx (6) 
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Similarily, the value of this integral also must be kT/2 over the range 

U)    =   o   to   ÜU    =   " . 

■ 

Again the denominator is expanded and factored to yield a standard integral 

form, which gives as a result 

x ^ 

0     (a2 fx^) (bZ +x^) 

n 
2 (a + b) 

so that equation 6 integrates to 

#2t = 2^6 ^ 
2-2X6 

kT _ kT 
TT    "    2 

It is instructive to consider the potential and kinetic energy in the 

galvanometer armature as functions of equal increments ir. frequency 

ratio rather than frequency difference.    Rewriting fquations(5)and{6)in 

the forms 

ukli I'  ./'       L^g, . SI * 9,«, ,7) 
2      I1     <    (1 - («2/(1,2)2 + 4^  «,2/^2       n 

and 

isli 
1      ^l (1 

2 Xe U)   /'!) 

uj2/(«g)   +4Xe (« /<«g 

   . I-L d(ln uu) 
2    2,   2 

(8) 



..-•^„rtt- 

Similarily, the value of this integral al8< 

UU     =    O    tO    ÜU     =    oo   . 

must be kT/2 over the range 

Again the denominator is expanded and factored to yield a s 

form, which gives as a result 

tandard integral 

/ 

2 ^ 
x    dx TT 

(a    + x   ) (b    + x ) 2 (a + b) 

so tiiat equation 6 integrates to 

islii   (      _      2\Q TT        kT     kT 
2      |o 2-2X6 n   ~   2 

It is instructive to consider the potential and kinetic energy in the 

galvanometer armature as functions of equal increments in frequency 

ratio rather than frequency difference.    Rewriting equations(5)and(6)ln 

the forms 

uel2 I   _ / ; 
2      I1     •{   (1 - u) 

2   h   fl/Wy kT 
2/^)2+4X| A * T d (ln ^ (7) 

and 

.2 ^       a 
2 1 >-2 2\eüUJ/uüg Mil |>Z 2\g 1»  /Mi 

•i  4   (i-(i»2/u)i)2 + 

kT 
   .  d(ln üü) 
2    2    2        TT      *       ' 

4Xe "f /uug 
(8) 
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arranges the integrands so that their numerical values are proportional to 

the power out of a high Q,   constant Q,  filter centered on various frequencies 

in turn.    Equation(7) would be used if the filter input voltage is proportional 

to galvanometer deflection about its mean    position.whi.'e equation{8) is 

appropriate to a filter input proportional to the armature velocity with 

respect to its case. 

The numerical value of an integrand at some particular frequency is the 

energy content (potential or kinetic) at that frequency per unit bandwidth. 

The unit bandwidth considered in equation8(7) and(8)i8 that band whose edge 

frequencies are in the ratio e ,  the base of the natural logarithm.    If the 

numerical value is multiplied by In 2 = 0.693. it becomes the energy per octave. 

In figure 2,  the numerical values of these integrands have been plotted as 

ordinate with log (u,/^) as abscissa for several values of \Q.    The rectangle 

has an area of kT/2,  and is the total area under any single curve. 

The reader will note that while the above equations have been developed 

for a D'arsonval galvanometer they are equally valid for an open-circuit 

seismometer.whether of the moving-coil or variable-reluctance type. 

i', , -r, .,_ 

■ 
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Since the impedance of a galvanometer depends upon frequency,  the effect of an 

ideU (i.e.  noise free),  external resistor connected to a galvanometer might be 

expected to represent more than an attenuation,  by a constant factor,  of the 

energy in the galvanometer due to internal losses. 

The equivalent electrical circuit is shown in figure 3,  wherein the coil resistance 

has been lumped with the external resistance,  as the resistor R, presumed 

ideal for the moment. 

Figure 3. Equivalent electrical circuit of a galvanometer 

Using the appropriate subscripts to designate the currents in the various 

branches, we may write 

Ee = (V + ic +iR)Re +i/Ju,L0 

Since i    R = i« j üULQ,  this may be written 

Re 
Ee = (i^+ ic) Re + ip ujLe + -jf i^j a'Le 

(9) 

Remembering that ft  /R = X_,  and performing the same algebraic manipula- 

tions and äubstitutions as before,  one obtains 

' 12 |2        rZ u|e = f—g V?
e ^—tr~r—^ * m 

!      Ji   (1 -üU2/u)^ + 4(Xe+XJ2u)2/üü2ff       " 
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It will be noted that this integrand is less than that of equation 7 at all 

real values of UJ and the ratio of the two integrands is frequency dependent. 

lues 

les 

Since this integrand is less than that of equation 7 at all positive vali 

of (u it follows that integrating equation 10 from u; = o to ou = « will give 

less than kT/2.    That is,  the presence of the external resistor modifi< 

the transfer of energy from the internal damping resistance to the armature. 

There is no violation of the laws of thermodynamics as the presence of 

the external resistor modifies the transfer of energy from the armature 

to the internal damping resistor in precisely   the same proporti< ion. 

From the symmetry of the resistors in figure 3,the equation for the 

hypothetical case of a noisy external resistor and an ideal internal 

damping can be written directly as 

2 2 .2 
UJeT   j        f 2\tt a)/u)g kT 

1       Ml -^/w|)    +4(Xe +\g) UJ
2
/^ 

In any real case both resistors will be noisy and since they are incoherent, 

their contributions to the energy of the galvanometer armature add directly. 

It is intuitively satisfying that several resistors in parallel,  each considered 

as a separate noise source,  give the same numerical result as a single 

equivalent noisy resistor. 

In section 6. 3 of NBS Report 7454.  a number of potentially useful amplitude- 

frequency response curves were developed for a seismometer without 

-9- 
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inductance directly coupled to a gal 
vanometer.    The internal losses of the 

two instruments were considered negligible so that 

figure 4 ij appropriate. 

the electrical analog in 

t  =_JZ. 
1   C3 

e     is the m 

Fiiur» 4. Seismometer-ialvanometer combination 

Here R includes the resistance of the two instrument coils and 

thermal noise generator. 

On. would expec. .he presence of the seismometer to introduce a spectrai 

region, centered on %. in which the noise generator em „ould feed littie or 

no energy into the gaivanometer armature.   That is,  the seismometer should 

act as a notch filter of the energy transferred between the noisy resistor and 

the galvanometer armature. 

Since the impedance of the seismometer can be written as 2 j fto w/^lV/^ 

the desired integral may be obtained from 

em = (i    + m 1  \ 1-UJ2/U)2/ 
+ j uuLoi e^ (12) 

where u)2 • i/L c   and g L   . 
0 XX O O      v' c' O      x' 

Using the algebraic manipulations and substitution» indicated above, plus 

Xo = Ro^R'  the integral may be written 

-10- 
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u|e|: 

11 /i-s4u4 

2 x» !±g 

UJr 

2   off 
g     2 

^g 

(iMgf/tfj)  X0 tur 

/wo     u)2\ 
+ 1 

Vg 

kT 
2 •   —  d (Inuj)    (13) 

This equation can be integrated over the range uu=o to uu=".  at least in principle. 

Comparing the integrand of this equation with that of equation (7), several 

conclusions can be drawn by inspection. 

(a) As X0-*- o.the two equations become identical.    This is not surprising 

as it represents decoupling of the mechanical portions of the seismometer from 

the electrical circuit. 

(b) At U) =U)0 ,   XQ + O ,   and U)0tüUg .  the quantity within the bracket becomes 

infinite and the integrand becomes zero.    The equation therefore shows anti- 

cipated notch filter effect due lo the seismometer. 

(c) With X0^o for all values of uu   outside the range from 

% to ^g'  the numerical value of the bracket is greater than 1 so that the inte- 

grand is less than that of equation (7). 

(d) With \0to and {U0$uig,  then for all values of «j lying between uu0 and uu   , 

the quantity within the bracket is less than 1 and the value of the integrand is 

greater than that of equation (7). 

(e) For the special case of X0   =   Xg   and UJ0   =  lUg, then at 

u) = UJ0 = uig the value of this integrand is 1/4 the integrand of equation(7). 

Shown in figure 5 is the value of the integrand of equation(13)for a four octave 

separation of instrument natural frequencies.    As the equation is 
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not symmetrical with regard to an interchange of üüO and üU , both üü0<üU 

and ^g< U)o have been plotted. Selected are cases of constant velocity 

fourth order responses for which  \    = '^a = 0. 624. 

In developing the amplitude frequency response curves of seismometer 

galvanometer systems,  the errors introduced by neglecting the internal 

losses of the instruments are small provided that the fraction of critical 

damping represented by these losses are small compared to that of the 

electrical circuit.    In modern instrument design this is frequently the case. 

On elementary grounds one can see that the effects of internal losses on 

the frequency distribution of Brownian motion may not be negligible.    For 

instance,  the presence of internal losses in the galvanometer will decrease 

the contribution of the series loop resistance at all frequencies,  especially at 

UJ0.    At the same time,the contribution of the galvanometer internal    losses to 

the energy of the armature will be decreased by the presence of the series loop 

resistance except for U)~u)0.    The internal losses in the seismometer will con- 

tribute energy to the galvanometer armature at all frequencies and especially 

for gM»o.    Also, internal losses in the seismometer increase the contribution 

of the series loop resistance for U)~UJ . o 

To develop the equations giving the separate contributions of the three noisy 

resistors to the galvanometer potential energy,the electrical analog in figure 6 

will be used. 

I« 
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Figure 6. Seismometer galvanometer combination with internal losses 

) 

For the contribution of EQ to the galvanometer potential energy,  one can 

obtain 

U|ee|2 |2      f2 
Z
=(

Z     *H 4A2x2 + ^/^   -x2f kT 
dx 

where 

Dr   =   (1 - x') 

Di    =   2A 

f4  -x2\   ^  -4x2(A 

(UU2 v 

4-1 

Ag-xoV 

^ ♦ 2A0x (1 - x2) 
o 

(14) 

o o x 

Ag    =   Xg + Xe 

as the contribution of galvanometer internal losses to the potential energy of 

the galvanometer armature. 

The effect cf t.m on the galvanometer armature results in 
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ul^l2 
X2 x2 + ^| a - *i ~    dx        (15) 

TT 

The third integral of interest is that relating the contribution of E    to the 

energy of the galvanometer,  which results in 

ujej 2   2     rZ 2_rz  2^ 
1    «A    Dr   + D? 

4 K ^g x kT 
dx (16) 

Combining these three equations one can obtain 

uM 2 P       T2        2AS [2 2     2       ^B/0"2 ,\ "       =/ 2 2       <   a-a2)x2 + -|L(-|.-x2 
ll     «i      Dr   + Di      L '"o  V^g / 

kT 
TT 

dx  (17) 

where 

a     =   XgVAg A0 

as the effect of the system's thermal noise level on the potential energy of the 

galvanometer armature. 

It is of interest to note that a is the geometric mean of the fraction of the 

total damping which is internal to th-, two instruments. 


